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Optimal Deployment/Retrieval of a Tethered
Formation Spinning in the Orbital Plane

Paul Williams*
Royal Melbourne Institute of Technology University, Melbourne, Victoria 3083, Australia

The deployment/retrieval of a spinning three-mass tethered formation is considered. The tethered formation is
modeled by point mass satellites connected via inelastic tethers. Optimal deployment/retrieval trajectories using
tension control are determined for different spin conditions. Deployment and retrieval trajectories are obtained
that maintain the tether spin at the desired rate and keep the system in the desired physical arrangement at the end
of deployment/retrieval. Parametric studies of the effect of system spin rate and maneuver time are performed.
Numerical results show that it is necessary to constrain the relative tether geometry to prevent any two tethers
crossing each other. It is also shown that the tether spin rate tends to decrease during deployment but can be
restored to the desired value by overdeploying the tethers and then reeling them in rapidly. Numerical results also
illustrate the symmetrical nature of deployment and retrieval.

Nomenclature

e = initial and terminal constraint functions for optimal
control problem

& = Mayer component of cost function in optimal
control problem

f = system state equations

J = costfunction in optimal control problem

ki, = proportional feedback gain for length feedback
for jth tether

ky; = derivative feedback gain for length feedback
for jth tether

L = reference tether length, m

L = integrand in Bolza component of cost function
in optimal control problem

[; = lengthof jth tether, m

m = total system mass (m + m, + m3), kg

m; = mass of the jth satellite, kg

0Q,;, = generalized force for ¢; coordinate
in Lagrange’s equations

Ro = orbitradius of the system center of mass, m

rj = position vector of the jth satellite in orbital frame
relative to the system center of mass (x;, y;), m

T; = tensionin the jth tether, N

T = system kinetic energy, J

u; = nondimensional tension in jth tether (T;/ [mw?L])

up; = nondimensional tension for zero-length acceleration

of jth tether
1% = system potential energy, J
x = system-state vector
A.. = nondimensional commanded length

of jth tether
A; = nondimensional tether length of jth tether
f; = in-plane libration angle of the jth tether, rad
u = gravitational constant of the Earth, km3/s?
w; = massratio of the jth satellite to total system
mass (m;/m)
nondimensional time (wt), rad
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w = orbital angular velocity of the system center

of mass, rad/s
Superscripts

O =
0 =

time derivative d()/d¢
nondimensional time derivative d()/d(wt)

Introduction

PACECRAFT formation flying has generated a lot of interest

in recent years, primarily because it promises to revolution-
ize the collection of scientific data from space. Flying spacecraft
in formation is very challenging because of long-term perturba-
tion effects that not only require accurate state determination but
also efficient and reliable control systems. The advantages of flying
multiple spacecraft in close proximity for space interferometry has
led to proposals for several different configurations. Leitner et al.!
discuss the possible approaches to the configuration design of large
space apertures for space interferometry. The most basic approach
is to use a monolithic structure, such as that used by the Hubble
Space Telescope. However, single collecting surfaces such as these
are limited by the availability of launch vehicles (i.e., the structure
must fit into the cargo bay of the launch vehicle). Although these
types of structures are preferable to more exotic arrangements from
an engineering point of view, future scientific requirements demand
much better image resolutions and therefore larger apertures than
can be provided by such structures. The Next Generation Space
Telescope will use a filled deployable aperture, allowing increased
resolution at lower risk than that perceived for the use of sparse
apertures. To achieve very sparse apertures, deployable booms have
been considered. However, for even greater precision, long booms
become impractical, and focus has been shifted toward the use of
tethers. For example, the Submillimeter Probe of the Evolution of
Cosmic Structure mission proposed for the 2015 timeframe may use
a spinning tethered constellation placed at the sun—Earth L, point to
take interferometric measurements. Tethered configurations require
rotation to provide a centrifugal stiffening effect, and careful con-
trol and monitoring of the tether vibrations is necessary to position
the spacecraft with the desired precision. Alternatively, free-flying
spacecraft can be used to generate a spacecraft formation. This ap-
proach trades the uncertainties of using flexible structures such as
tethers for fuel consumption.

Although significant research has been undertaken to study the
motion and control of tethered two-body systems,? comparatively
few studies have been presented on the dynamics and control of
tethered formations. Misra et al.? studied the dynamics of an open
three-mass tethered system for both constant and variable length
tethers. The equilibrium and stability of these systems was studied
in more detail by Misra,* who also showed that the integral of motion
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of the system is given by the Hamiltonian of the system per unit mass.
Four configurations of equilibrium are known to exist: two where
the masses are triangular, and two where the masses are collinear.
The triangular configurations are unstable, whereas the collinear
configurations are stable.

Tan and Bainum?® considered the control of an in-plane tethered
constellation for auroral observation missions. In their analysis, two
spacecraft were connected by tethers via a central hub, which was
the approximate location of the orbit of the system center of mass.
Orbit control of the system was assumed to be applied using methods
presented in other papers, and the control strategy was reduced to
controlling the tether librations. Although the control strategy takes
into account the electric circuitry used to reel the tethers, the config-
uration is not closed and so the applicability of the control approach
for more general spinning configurations is questionable. Further-
more, only a linear control strategy was discussed, which may have
limitations when applied to spinning tethered constellations.

Farley and Quinn® discussed the future of tethered forma-
tion flying for interferometry and separated configurations into
open (pendulum-type) and closed (triangular-type) arrangements.
Sedwick and Schweighart’ considered various methods for control-
ling the positions of an array of sparse apertures. Different config-
urations of satellites were considered such as tethered triangle and
hub-and-spoke arrangements, as well as electromagnetically cou-
pled apertures. The transfer of momentum among the satellites was
considered through the use of reaction wheels and tether reeling
or the use of electromagnetic forces and reaction wheels. It was
suggested that electromagnetically coupled systems allow greater
mobility of the satellites than that provided by tethers.

Quadrelli® developed a sophisticated mathematical model for
tethered satellite formations including orbital perturbations, ther-
mal effects, and tether flexibility. The tether was modeled using a
lumped-mass discretization. Variable length tethers were handled by
appropriate convective terms in the equations of motion. Quadrelli®
later used a steady-state linear quadratic regulator (LQR) to con-
trol the motion of the spacecraft in the formation. In this control
approach, the system dynamics are linearized and a quadratic per-
formance index containing weighted state deviations and controls is
minimized over an infinite horizon. The dynamics of linear tethered
interferometers (three masses connected linearly via tethers) has
received some attention for use in deep-space interferometry.!%!!
Bombardelli et al.'? studied the dynamics of a spinning linear in-
terferometer in an Earth-trailing heliocentric orbit. They found that
solar-radiation pressure and thermal variations are the most domi-
nant perturbations on the system, causing either lateral vibrations
or length excitations. A higher spin velocity is desirable from the
point of view of stability. Bombardelli et al.'3 studied the influ-
ence of solar-radiation pressure on a spinning linear interferometer.
They derived an analytical expression for the solar pressure force
on a cylindrical tether with arbitrary orientation. The effect of this
pressure on the lateral modes of a tethered interferometer was deter-
mined and found to give rise to very low-frequency oscillations of the
central member of the configuration (on the orders of millimeters).
Changing the plane of rotation of such a system was considered by
Bombardelli et al.'* Kim and Hall'> have studied the dynamics of a
tethered interferometer arrangement designed for the Submillimeter
Probe of the Evolution of Cosmic Structure mission'® and developed
a controller using thruster inputs to control the configuration. The
static shape of a spinning tethered interferometer was first studied
by DeCou,'” who ignored the effects of external disturbances such
as gravity-gradient forces and solar pressure.

Cosmo et al.'® considered the design requirements for a low-
Earth-orbit demonstrator mission for a tethered interferometer to
minimize the perturbations due to Earth’s oblateness and to provide
nearly constant thermal inputs. Dynamic simulations were carried
out using a lumped-mass model with realistic environmental in-
puts. Preliminary investigation of a deployment procedure was also
conducted for two cases: 1) where the tether is spun initially using
thrusters and then deployed, and 2) where the system is deployed
and then spun. The first scenario is more desirable because of the
larger tension induced by the spin.

The dynamics of tethered formations in low Earth orbit has also
received attention in recent years. Williams and Moore!® studied
the dynamics of Earth-facing tethered constellations kept taut by
spinning the tether around the nadir-pointing line. It was suggested
that medium spin rates (i.e., where the tether spin rate is com-
parable to the orbital angular velocity) are the most suitable for
Earth-observation missions. To keep the system nadir pointing, a
torque must be applied in the velocity direction. Two methods
were investigated for generating the required torque: electromag-
netic torquing and utilization of the gravity gradient in combination
with a three-dimensional configuration. Tragesser?® and Tragesser
and Tuncay?' studied tethered formations for terrestrial observation
missions. Tragesser?” studied a planar triangular configuration and
found no stable configuration in the presence of tether flexibility,
whereas Tragesser and Tuncay?! considered fully three-dimensional
configurations and found particular configurations that were stable.

Pizarro-Chong and Misra? studied the dynamics of tethered
constellations for both open- and closed-hub-and-spoke configu-
rations. The system was modeled using point masses connected via
straight but elastic tethers. The equations of motion, formulated via
Lagrange’s equations, were derived for the cases where the system
spins in the orbital plane and when the system spins normal to the
orbital plane. Numerical simulation results illustrate the stability of
different system configurations. It was found that, for a circular orbit
with more than four bodies, the configuration must be closed and
spinning to provide stability.

Nakaya et al.”} considered the deployment of a tethered con-
stellation in a circular low Earth orbit using a virtual structure ar-
chitecture. The tethered system was modeled as three rigid bodies
connected via tethers represented by lumped masses. Deployment
profiles were determined either as functions of the system angular
momentum or tether tension. Control of the system angular momen-
tum was achieved using thrusters on the satellites.

Control of single tether systems has been studied for a wide
range of cases including such essential features as deployment and
retrieval®*~2 and for more advanced scenarios such as payload
capture.?’-?® In most of these studies, control of the system via tether
tension has been sought. Control of tethered formations in low Earth
orbit using similar approaches has not been addressed previously.
The purpose of this paper is to apply optimal control methodol-
ogy to the deployment and retrieval phases of a spinning tethered
constellation. The equations of motion and results are presented
in nondimensional form, allowing some general conclusions to be
drawn. The system is assumed to consist of point masses connected
via inelastic straight tethers and to be spinning within the orbital
plane. In the realm of low Earth orbits, the system is subject to grav-
ity gradient and Coriolis effects, which allows control of the tether
spin rate by appropriate reeling of the tethers. This is the main nov-
elty of the current work, which demonstrates that differential length
rates can generate sufficient Coriolis forces to adequately control
the system without resorting to tangential thrusting to maintain the
desired spin rate at the beginning and end of deployment/retrieval.

Mathematical Model

It has been common practice in control-system design to employ
suitable low-order models of a dynamic system for preliminary con-
trol design. For example, for single-tethered satellite systems, an
inextensible tether model is often employed and has been shown to
generate good results with respect to more accurate models of the
system. To study the deployment and retrieval phases of a tethered
formation, a simplified model of the system is used. To allow for
control via tension control, the system is modeled as a set of point
masses connected via inelastic, massless tethers. For simplicity, only
a three-mass triangular configuration is considered here.

The tether formation considered in this paper is shown in Fig. 1.
An orbital coordinate system is used to represent the dynamics, the
origin of which is at the system c.m. O. The x axis points positively
outward from the center of the Earth along the local vertical, and the
y axis points in the direction of the orbit-velocity vector. Because the
motion is referenced relative to the c.m., the system is completely
characterized by four coordinates. The generalized coordinates are
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Fig. 1 Tethered formation control model (not to scale).

selected as the lengths of the tethers connecting masses 7, and m,
(1) and m, and m3; (1), and the corresponding angles of those tethers
relative to the local vertical (6; and 6,).

The c.m. constraint is represented by

3
ijrj:O (1)

J=1

where r; = (x;, y;) is the position vector of the jth mass relative
to the center of mass in the orbital frame. In addition to Eq. (1),
the geometric relations between the generalized coordinates and the
Cartesian coordinates are given by

Xy = x1 + [ cos by, X3 =x +1,cos6,
Y2 =y +1isin6, Y3 =y2+1sin6, )

After combining Eqgs. (1) and (2), one obtains

X1 Y1 .
[A] [y cos 6, [A] [ sin 6, 3)
X = , = .
: [, cos 6, 2 1, sin 6,
X3 V3 -
where
(2 +p3)  —pz |
[A]l = Hi —H3 C)]
i M1+ U2 |

and Lo j/(my +my +m3) are the nondimensional masses of
the satellites. The kinetic energy of the system can be expressed in
the following form?®:

I o o 1
T= Ezm_/(Ro +7;) - (Ro +7)) = §|:(m1 + my + ms)

i=1

3 3
j=1 j=1
The second term is zero because of the c.m. constraint, and the first

term is the contribution of the orbital motion to the kinetic energy.
Hence, the kinetic energy can be expressed in the form

T = %mR?,a)2 + %m{;}.l(uz + u3)[f12 + llz(él + w)z]
+ 13 + w2 [3 + 562 + 0)’]
+ 21 p3ll1(65 + @) — L6 + w)]sin(@; — 65)

+ 2 sl by + 1116y + ) (62 + @)l cos(6) — 62)} (6)

where o is the orbital angular velocity of the center of mass. The
potential energy is due to gravity and is given by

Hm

y=-y
= IRo +1l

)

Equation (7) may be approximated by expanding it into a binomial
series and keeping terms up to O (1/R}):

3 3
wm M X wm
V%—ZR—OJ—FZ Réj+22Rg(x?+y;_3x?)

j=1 j=1 j=1

3
_ 2p2 mj o502 2
== D _mo’ Ry + 3 SR (5] - 2x)) ®)
J= J=
where Eq. (1) and w = /(u/ R30) have been employed. Equation (8)
can be expressed in terms of the generalized coordinates as

3
V=-— Zm,—szé + %ma)z{m(uz + m)llz(l — 3cos? 91)

j=1

+ m3(ur + )5 (1 = 3cos® 02) + 21 31 b [cos (O — 6)

—3cos 6 cos 92]} (&)
Lagrange’s equations may be applied in a relatively straightforward
manner:

d[oT T n v 0 (10)
dr\ 9q; aq;  dq; "

After performing the required differentiations, the equations of mo-
tion can be expressed as

muy (2 + u3)3[61 + 203 /1) (61 + o) + 30 sin 6 cos 6 |
+mpipsh {30 sin0; cos 0, + [0 + 2(2/1) (6 + o))
x €801 — 62) + [(02 + @)* — & — (/D) ] sin(6; — 1)}
= Qy, (1)
mus (1 + 12)13[62 + 2(2/1) (62 + w) + 30" sin 6, cos 6, ]
+mpu sl {3’ cos 0y sin 6y + [0 + 231 /1) (6 + w) ]
x cos(Bh — 62) + [0 — (61 + @) + (I, /1) ] sin(6) — 6,)}
=0y, (12)
muy (ua + M3){7.1 =1 [(él +w)’ + w2(3 cos’ 0 — 1)]}
+mpps{ll — 160 + 2w)] cos(6) — 6,)
+ [1b + 20(6, + w)] sin(®) — 6,) — 3wl cos O cos 6, }
=0 (13)
mus (1 + )|l = L[ (6 + 0)° + * (3cos* 6, — 1) ]}
+mpips ([l = 1616 + 2w)] cos(6r — 62)
— [0, + 21 (61 + w)]sin(@) — 65) — 30’ cos by cos b,
=0, (14)
The generalized forces are due to the nonconservative control ten-

sions, which may be evaluated using the principle of virtual work,

or or or
L -T) =+ (T5—Ty) —

0, =T1—-Ts)-
“ aq, 9q; 9q;

15)
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where the tension force vectors are defined by
T, = T (cos 0y, sin6), T, = T>(cos 6,, sin6,)

T = (T5/13) (=11 cos0; — [, cosB,, =l sin6) — I sin6,) (16)

where /3 = \/[112 + l% + 2111, cos(6y — 6,)] is the length of the third

tether. From these expressions the generalized forces may be ob-
tained as

Qo, = T[> sin(0, — 6,) /13], Q¢, = —Ts[111» sin(0; — 6,)/15]
0), = =Ty — (T3/13)[l; + I, cos(0, — 6,)]

Qi

=T, — (T5/13)[l2 + I, cos(8, — 6,)] (17)

Notice that the simple three-mass open configuration can be simu-
lated by simply setting 75 =0.

Nondimensional Equations

From a numerical point of view, it is more convenient to ex-
press the equations of motion in nondimensional form. This is ac-
complished by changing the independent variable from time to the
nondimensional time v =t and introducing the nondimensional
tether lengths as A;=I;/L, j=1,2,3, where L is the reference
length for the tethers when fully deployed. Denoting the nondimen-
sional time derivative as ()’ =d/dz, the equations of motion can be
expressed as

w1 (pa + 13) ATIO) + 2(A} /A1) @] + 1) + 3sin 6y cos )]

+ 113 A Ar {3 sin0; cos 6y + [05 + 2(A4/A2)(6) + 1]

x cos(f — 6) + [0 + 1)? — 1 — (A}/A2)] sin(6; — 6) }

= (u3/A3) A1 Ay sin(0; — 0>) (18)
s+ p2) A3[05 + 2(A5/ A2) (8 + 1) + 3sin 6, cos 6]

+ 13 A Ar {3 cos By sinfy + [0] + 2(A} /A (O] + D]

x cos(0y — 05) + [1 = (0] + 1)* + (A]/A1) ] sin(6; — 6)}

=—(u3z/A3) A1 Ay sin(6), — 6,) 19)
iz + u){A] = A6 + 17 + (3cos™ 0 — 1) [} 4 i3

x {[A] — A28 (05 + 2)] cos(6) — 6) + [Aab +2A5(65 + 1)]

X sin(0; — 0,) — 3A, cos 6 cos 92}

=—u; — (u3/A3)[Ay + Ascos(6) — 6,)] (20)
itz + ma) { Ay = As[ (05 + 1) + (3cos’6, — 1) ]}

+ i pus{[A] — A16](6] 4 2)] cos(6, — 62)

+[A10] +2A7 () + 1)]sin(6; — 6,) — 3A; cos 6, cos B>}

=—us — (u3/A3)[Ar + Ay cos(0; — 62)] @2n

whereu; =T;/ (mw?L), j =1, 2,3, are the nondimensional control
tensions.

Control Tensions

The problem of controlling tethered satellite systems using ten-
sion control is not a straightforward task. In fact, solving optimal
control problems using shooting methods for such systems is ex-
tremely difficult because of the sensitivity of the control tension to
small perturbations. Although this can be avoided by using direct
methods, problems inevitably arise when trying to validate solutions

because even small errors in the control tension lead to errors in the
length dynamics, and eventually the system diverges from the deter-
mined trajectory.?® In Ref. 28, it was demonstrated that this problem
can be alleviated by specifying the control tension as a function of
the commanded length A.. This idea can naturally be extended to
the control of a tethered formation by specifying the tensions in the
form

up=uo, +k (A —A;)+k,A;, j=1,23 (22
where uy, is the tension required for zero-length acceleration of the
Jjth tether and klj, kzj are constant control gains. Essentially, then,
the control problem becomes one of optimizing the commanded
lengths to achieve the desired mission objectives. Alternatively, one
can simply find the optimal tensions and subsequently solve for the
equivalent commanded length using Eq. (22). The latter approach
is used in this paper. Note that Eq. (22) is a kind of feedback lin-
earization of the length dynamics, designed to make the tension
more robust for length tracking. Equation (22) is not designed for
tracking of the tether librations, which would need to be handled
by a more advanced feedback controller. In this paper, the control
of the tether librations is achieved by an open-loop optimal control
scheme. The benefit of specifying the tension in the form given by
Eq. (22) is that it is possible to numerically simulate the system with
fixed length tethers, that is, station-keeping configurations. It is also
possible to obtain the tensions required to keep the formation in the
desired configuration.

Equation (22) is deceptively simple. In reality, the u,; terms are
complicated functions of the system-state variables. To find these
expressions it is necessary to solve for the u ; tensions from Egs. (18—
21) such that the tethers are not accelerating in the length direction.
After decoupling the accelerations of the generalized coordinates
in Egs. (18-21), two equations are obtained for A and AJ. An
additional equation is necessary for A3, which can be obtained by
differentiating the geometric relationship

As = /AT + A2+ 27, A5 co8(8) — 6,) (23)
AL =[A A} + A A, + A Ay cos(B) — 62) + Ay A) cos(6) — 65)
— Ay A5(6] — 63)sin(0) — 6,)1/As (24)
Ay = {A7 + AJ[A + Aycos(0y — 62)] + A
+ AJ[As + Ay cos(6) — 02)] + 2A7 A} cos(6; — 6>)
—2(A 1 Ax + A LAY (O] — 05)sin(B) — 65) — A AL (0] — 6)
x sin(0) — 62) — A Ay (6] — 03)* cos(8) — 6>) — AT}/ As

(25)

The required tension expressions are obtained by solving for the
second derivatives of the generalized coordinates from Eqs. (18—
21) and using Eq. (25) with A7 = A = A =0. The resulting set of
equations can be solved for the unknown tensions:

Uy, = {[(MIM3A§A3 + i3 AT A2 A + M2M3A§A3)
X sin(0; — 0,) cos(6; — 6,) — 2,u1p,3A1A§A3 sin® (6, — 6,)
+ Qs + paps) A A Az sin(®) — 6) | Ry,
+ [_(HIPQA%AZAS + 2M1M3A%A2A3) sin(0; — 6,)
x cos(6; — 6) —(M1M3A?A3 + i AT A + MIM3A1A%A3)
x sin(@; — 92)]R92 + [M1M3A1A§A3 + i3 AT AL A,
+ 2 AT AL A + pops AT A A + 2 s ATASAS

x cos(0) — 92)] sin2(91 —0)Ry, — mitapus A Aoy [MzAl
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+ m3A1 4 1Ay cos® (O — 62) + i Ay cos(0) — 6)

+ 12z cos(8) — 65) + 3 A cos(6y — 02) ]} /v (26)
ug, = {[(M|M3A3A3 + s AT AL A + M2M3A§A3) sin(0, — 6,)

+ (M2M3A1A§A3+ 2#1#3/\11\%1\3) sin(0; — 6>) cos(6; — 92)]

X R, + [—(MMZA?IH + s AT A + M1M3A1A§A3)

x sin(6; —62) cos(61—62) — (12 AT Ao As + 200113 AT A2 )

x sin(0) — 6) + 21 s AT Ay A sin® () — 62) | Ry,

+ [(M1M3A1A3A3 + s AT AL A + o AT AL A

+ pap3 AT A3 A3 ) sin’ (61 — 62) + 240113 AT AS As sin® (6 — 6,)

x cos(0; — 92)]RA2 — wipapuz A Aoy [HlAz + 2 An

+ s cos(0) — 60r) + 1Ay cos(0) — 6y) + ua Ay

x cos(6) — 62) + p3 Az cos’ (01 — 6|} /12 @7
uo, = {[—M1M3A1A2A3 sin(0; — 6,) cos(0; — 6,) — (M1M3A§A3

+ a3 A3 A3 ) sin(0 — 02) | Ro, +[ (11143 AT As + 1 112 AT A5)

X sin(0; — 0,) + w3 Ay Ay Az sin(@; — 6,) cos(6; — 92)]R92

+ s A Aoy [pipa + paps — s cos* (O — 02) + p3

+ oz |} As [y (28)
where the following terms have been defined:

yi=[AZ+ AZ —2(A| Ay + Ay AY) (O] — 603) sin(0) — 6,)

+ 20 Ny cos(0 — ;) — A1 Ay (0] — 605)% cos(B; — 6,)

—A7]/As (29)
y2 = A AxAssin®(0) — 92)[/“#31\% + Ui AT + s AS

+apa NG + 23 A1 Az cos(6r — 62) ] (30)
Ry, = — 1 (2 + 13) AH2(A} /A (O] + 1) + 3sin 6 cos )]

+3sin6; cos 0y — 13 A1 A {2(A5/A2) (05 + 1)

x cos(0) — 0y) + [(05 + 1)* — 1] sin(®; — 6,)} (31)
Ro, = —a(ia1 + ua) A2[2(A/A2) (0} 4 1) + 3sin 6, cos 6]

+3cos b, sinf, — MlugAlAz{Z(A’l/Al)(Ql’ +1)

x cos(0) — 0y) + [1 — (6] + 1)*] sin(6) — 6,)} (32)
Ray = mi(pz + pa) { M [ 6] + D? + (3eos® 1 — 1) ]} + s

X { D056} + 2) cos(6) — 6,) — [2A5(0) + D] sin(0) — 6,)

+3A,cos b cosb,} (33)
Ra, = iz + ) { Ao (0 + 1> + (3cos® 0 — 1) |} + a3

X {A16,(6] +2) cos(6), — 6,) — [2A} (0] + D] sin(0; — 6,)

+3A | cosB; cosb,} (34)

Optimal Control of Spinning Tethered Formations

The major goal of this work is to demonstrate effective control
of the tether formation using tension control. Although control laws
could be derived using various techniques such as Lyapunov’s sec-
ond method, among others, it is generally difficult to ascertain the
performance of such controllers from the point of view of the sys-
tem dynamics. Although the system has been modeled as consisting
of rigid tethers, it is important to realize that in reality the tethers
are elastic and capable of both longitudinal and lateral oscillations.
Therefore, it is preferable to control as well as assess performance
of the system relative to some prescribed criterion. Furthermore,
for deployment and retrieval operations it usually most important to
ensure that the system ends up in the correct configuration. Hence,
we must also ensure that certain boundary conditions are satisfied.
In other words, the control problem(s) can best be formulated within
the framework of optimal control.

Optimal Control Problem and Direct Solution Methods

The general family of optimal control problems considered in this
paper can be stated thusly: find the state-control pair [x(¢), u ()] that
minimize the performance index

f/'
J:S[x(tf),tf]—k/ Llx(t), u(t), t]de (35)

fo

subject to the nonlinear state equations

x(t) =fx@),u@),n (36)
the end-point conditions
e; < elx(t), 10] < ¢, 37)
el <elx(ty),t5]<el (38)
path constraints
gL =glx(@®),u@), 1] < gy (39)

and box constraints

xp <x(t) <xy, u, <u(t) <uy (40)
where x € R" are the state variables, u € R" are the control inputs,
t €R is the time, £ : R™ x R— R is the Mayer component of
cost function—that is, the terminal, nonintegral cost in Eq. (35), £ :
R™ x R"™ x R — R is the Bolza component of the cost function—
that is, the integral cost in Eq. (35), eg eR"™ xR— R" and
e}, € R"™ x R — R" are the lower and upper bounds on the initial-
point conditions, e£ eR"™ xR — R" and e{, eR"™ xR — R"/ are
the lower and upper bounds on the final-point conditions, and
gL eR™ xR"™ x R— R" and gy € R™ x R™ x R — R" are the
lower and upper bounds on the path constraints. The solution
of general optimal control problems requires the application of
Pontryagin’s maximum principle?* (PMP) to construct the necessary
conditions for optimality. The PMP essentially requires that the con-
trol Hamiltonian, defined as a function of “‘undetermined” covectors,
be minimized. This (indirect) approach, apart from being cumber-
some for complex problems, produces a two-point boundary-value
problem that is regarded as very difficult to solve.’* In addition to
this, the necessary conditions must be rederived for each different
cost function that is considered. Instead of following this approach,
it is much more efficient and convenient to apply direct transcription
methods to solve the optimal control problem.>!

The solution of optimal control problems via direct methods is
well known, and several different methods are described in Ref. 31.
There are a wide variety of solution methods available, most of
which are based on sequential quadratic programming (SQP) al-
gorithms for solving the underlying nonlinear programming (NLP)
problem. Essentially, the state equations and cost function are dis-
cretized at a set of points along the trajectory, and the state equations
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are enforced through simple integration or differentiation rules. Al-
though the general methodology involved with each method is the
same, the underlying structure of the NLP and corresponding so-
lution accuracy can be quite different. Some examples of differ-
ent discretizations that can be used are the Hermite—Simpson,32
fifth-order Hermite—Legendre-Gauss—Lobatto,?* and pseudospec-
tral methods.>*3% Despite the fact that these methods have been used
routinely for a number of years, there is still no general agreement
as to which method is better or even if a method can be defined as
“best.” Hence, there are no general guidelines available for select-
ing an appropriate method. There are a variety of issues that must
be considered, however, when employing different methods. These
relate to the possibility of bang—bang controls, singular arcs, and
second-order state-control constraints. Unfortunately, when apply-
ing direct methods, these possibilities are not known a priori and
must be discovered by examining numerical solutions.

A general reusable software package for solving single- (and
multiple-) phase optimal control problems called DIRECT* has
been developed by the author. The package uses the MATLAB®
environment to formulate the cost function, state equations, bound-
ary conditions, and path constraints. The problem is automatically
converted into an appropriate NLP depending on the selected dis-
cretization method. The NLP is solved using the sparse sequen-
tial quadratic programming software SNOPT,?” originally coded
in Fortran but called from MATLAB via a mex-file interface. The
sparse Jacobian structures for each of the discretization methods are
automatically provided to SNOPT by the DIRECT software. In the
numerical results, the Hermite—Simpson method has been employed
for the discretization.

Applicability of the Optimal Maneuvers

Control of the tether formation is assumed to be achieved exclu-
sively via tension control. Tension control is used in conjunction
with reel mechanisms to reel in and reel out the tethers. It is much
more desirable to control the tension instead of the tether-length
rate because it is necessary to maintain the tether tension above zero
(i.e., slack tether condition). However, actual control of the system
spin rate is achieved by the interaction of variable length tethers in
the orbital frame, which generates Coriolis forces that are able to do
work against the gravity gradient. Hence, the method employed here
to control the system spin is generally only applicable where the or-
bital angular velocity is sufficient (i.e., low Earth orbits). Although
the results are expressed nondimensionally and the maneuvers could
be potentially performed at much higher orbital altitudes and around
other central bodies, the maneuver times would also be much longer.
Furthermore, the maneuvers are generally not applicable for forma-
tions at the sun—Earth L, point because of the assumption of a low
Earth orbit. Control of similar tether formations at these other lo-
cations is an important avenue for future work. Finally, it must be
noted that the changes in system configuration and spin rate are not
achieved for “free” but require energy to be expended in reeling the
tethers. This energy is assumed to come from solar energy collected
by the satellites and stored in batteries for use by the tether winches.

Numerical Results

Optimal control of the tethered formation is studied for a variety of
different scenarios. To begin, some relatively simple minimum-time
configuration changes are considered, such as an increase in spin rate
and shape change. Deployment and retrieval operations are then con-
sidered in detail. In all cases, the optimal solutions were validated by
propagating the interpolated controls (using the commanded length
form of tension with k; =100, k, = 10) and comparing the results
with those obtained via the direct method. Because the propagated
solutions and the direct solutions are indistinguishable at the level
of the plot, only the direct solutions are shown. In addition, only
equal mass configurations are considered so that it} = o = 3 = %

It is useful to consider the key differences between control of a
tethered formation and its simpler two-body counterpart. Two-body
tether systems are usually desired to be deployed along the orbit
local vertical for circular orbits or into periodic librational solu-
tions when elliptical orbits are considered. However, such deployed

configurations are not possible for a triangular tethered formation
because it requires that one tether sustain compressive forces, which
is clearly impractical. In contrast, a tethered formation requires
a relatively high spin rate to maintain stability. For single-tether
systems, such spinning scenarios tend to be avoided (except for
momentum-exchange architectures) because of fear of the tether
wrapping around the mother satellite. In other words, the techniques
commonly used for control of two-body tethered systems are not ap-
plicable to tethered formation flying. This has implications both in
terms of the specification of the boundary conditions for deployment
and retrieval as well as cost-function selection.

Configuration Changes

One important class of maneuvers is the minimum-time reorien-
tation or reconfiguration of a tethered formation. Although such ma-
neuvers are not preferable using tension control because of the bang—
bang nature of the solutions, they are important because they repre-
sent the lower limit in which a given maneuver can be executed. For
numerical solutions obtained for the minimum-time-performance
criterion, the nondimensional tension was limited within the range
u €[0.01, 2] for each of the tethers.

Increase in Spin Rate

A potentially useful maneuver for a spinning tethered formation
is to increase the spin rate of the system without the use of tangential
thrusters. This is possible by utilizing the Coriolis forces generated
by the system as the tether lengths change. This technique has been
demonstrated successfully for single-tethered systems and is a crit-
ical feature that allows control of the system librations. However,
the extension to tethered formation flying is not straightforward or
intuitive. Therefore, the first scenario that is considered in this paper
is to simply pump the tether spin rate. For this case, it is desirable to
perform the maneuver in minimum time. For illustrative purposes
the following problem has been defined:

J =minty 41
subject to
[61 — 02,01, 65, A1, Ay, A}, ASl,—o=[—120deg, 1, 1,1, 1,0, 0]
(61 — 02,6}, 63, A1, Ay, A}, Adle—, =[—120deg, 3,3, 1, 1,0, 0]
(42)

In this problem itis desired to increase the spin rate from 1 revolution
per orbit to 3 revolutions per orbit. Note that the boundary conditions
for the tether angles are specified in terms of the relative angle of
tethers 1 and 2, and the value is based on the requirement to maintain
the desired configuration determined from the equation

AT — AT - A
2A1 A,

—1

6, — 6, = —cos 43)

This means that the actual orientation of the system with respect to
the orbital frame at the beginning and end of the maneuver is free
to be optimized.

The minimum time for this maneuver was determined to be ap-
proximately 1.503 rad of nondimensional time, or approximately
one quarter of an orbit. For a 500-km-altitude orbit, this would
equate to roughly 22—23 min in real time. Figure 2 shows projections
of the tether formation in the orbital frame during the maneuver, with
the initial and final configurations labeled. This clearly illustrates
the large variation in the system geometry during the maneuver.
Figure 3 shows the time histories of the tether states and controls.
As expected, the tension control input is of a bang—bang nature,
and no singular arcs appear to be present in the solution. When the
tension is on the lower bound, this generally correlates to a positive
change in the tether-length rate. Alternatively, when the tension is
on the upper bound, the reel acceleration is negative. The effect of
the length rate on the librational motion of the tethers is similar to



644

Fig. 2 Projections of tether configuration during minimum-time spin-
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Fig. 3 Minimum-time spin-rate increase: a) length, b) length rate,
¢) tension, and d) libration rate.

the effect of tension on the length rate. When the length rate is
positive, there tends to be a decrease in the change in libration
rate such that the librational acceleration is negative. On the other
hand, negative length rates correlate with positive librational accel-
erations, and hence, the length rate tends to be negative near the
end of the maneuver for the spin-up case. An examination of the
length variations demonstrates some apparent symmetry in the ma-
neuver. Tether 1 is first reeled in, then reeled out, and then reeled

WILLIAMS

in again, whereas tether 2 is reeled out, then reeled in, and then
reeled out. The variation in length of the third tether is more se-
vere because it is reeled out and then reeled in only. Its length
varies by up to twice its original length for this particular ma-
neuver, whereas tether 1 varies in the range of (—40%, +53%)
and tether 2 varies in the range of (—35%, +22%). The maximum
nondimensional reel rates for each of the tethers lie in the ranges of
A €[—-1.70,2.50], A}, €[—2.26, 1.30], and A} € [-2.60, 2.62]. If
a 500-km-altitude orbit is assumed for the system, then for every 1
km of reference tether length, one unit of nondimensional length rate
translates to approximately 1.107 m/s in dimensional units. Hence,
for a 10-km nominal tether length, this maneuver would require
reels capable of generating up to 30 m/s in reel rate. The libration
rates also show quite large variations from the initial rate(s) to the
final rate(s). The libration rate of tethers 1 and 2 both go to zero
during the maneuver. In other words, the minimum-time maneuver
does not simply increase the spin rate in a uniform or nearly uniform
manner. It is evident that the formation does not rotate at a common
rate and that it undergoes a rather large distortion to increase the spin
rate to the desired amount. This indicates the complex interaction
between the Coriolis forces and changes in the configuration.

Decrease in Spin Rate

The second maneuver that is considered is a despin case combined
with a shape change. The minimum-time maneuver is determined
s0 as to satisfy the boundary conditions

[61 — 05,01, 65, Ay, Ay, A}, ASl—o=[—120deg, 3,3, 1, 1,0, 0]
[As, 61,65, Ay, Ay, Ay, Adle—, =[1.5,1,1,1,1,0,0] (44)

These boundary conditions essentially require the tether formation
be reconfigured from an equilateral shape to an isosceles shape with
the third tether length equal to 1.5 times the length of tethers 1
and 2. This boundary condition is actually implemented via the
difference in libration angles as determined via Eq. (43) because
the length of the third tether is not a state variable. The minimum
time for this particular maneuver was determined to be 1.011 rad or
approximately 16% of one orbit. Numerical results are presented in
Figs. 4 and 5.

Figure 4 shows projections of the tether formation during the de-
spin maneuver. The variation in the shape of the formation is much
less pronounced than for the spin-up case (compare Fig. 4 with
Fig. 2). This is because the maneuver time is shorter and generally,
for a decrease in spin rate one would expect an increase in tether
length. Hence, the desired increase in length of the third tether also
helps to decrease the system spin rate. Figure 5 again illustrates
the bang—bang nature of the control tension as well as the general
smaller variations of the system states compared with the spin-up
maneuver shown in Fig. 3. The overall variations in tether length
and length rate appear to be smaller in general than for the previous

06+

04r

-1

X

Fig. 4 Projections of tether configuration during minimum-time spin-
rate decrease.
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Fig. 5 Minimum-time spin-rate decrease: a) length, b) length rate,
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case. In addition, the length variation follows a distinctly different
trend then the previous results. For example, all of the tethers are
reeled out first and then reeled in. The maximum length variation
of tether 1 is on the order of 30%, whereas tether 2 varies by about
25%, and tether 3 varies by roughly 87%. These variations are sig-
nificantly less severe than the previous results. Furthermore, the
libration rates of tethers 1 and 2 do not go to zero during this ma-
neuver, nor does the libration rate increase in the first stages of the
maneuver. The maximum nondimensional reel rates for each of the
tethers lie in the ranges of A} € [—1.41, 0.84], A}, € [-0.71, 1.28],
and A} € [—1.57, 2.87]. For nominal 10-km-long tethers, a reel ca-
pable of generating up to a 32-m/s reel rate would be needed.

Deployment Trajectories

The minimum-time maneuvers considered in the previous section
show nonsmooth variations in the control tension and rapid changes
in the tether-length rate. These phenomena can lead to undesirable
features in flexible tethers such as longitudinal and lateral vibrations
and should be avoided by appropriate selection of the performance
index. For two-body tethered systems, various performance indices
were compared by Williams and Trivailo,?® and it was found that
minimizing the reel acceleration of the tether consistently produces
trajectories that give smooth variations in the system states. How-
ever, for a spinning tethered formation such a performance index
alone does not necessarily give a desirable trajectory. One must

also account for the fact that the configuration is closed and there-
fore there is the potential for tether collisions. Therefore, it is also
desirable to minimize the distortion to the configuration from the
equilateral reference triangle. Hence, the cost function is selected
as the sum of components from the angular accelerations as well as
length accelerations:

T/’
T= / {Wi[©0)) + 05)*] + W2 [ (A])? + (A + (A))?]} de

(45)
where W, and W, are weighting coefficients. Because the terms in
the performance index are nondimensional, the weights have been
selected as W, = W, = 1. Note that one could weight the contribu-
tions differently if one wanted to keep the system rotation rate as
close to being constant as possible rather than minimizing the ef-
fective control input. However, it is the minimization of the length
accelerations that gives smooth variations in the control tensions
and length dynamics. Different weightings are a design choice, and
different choices would lead to differences in the overall nature of
the results. For the sake of brevity, only results for W, =W, =1 are
presented in this paper.

As noted previously, it is important to restrict the tethers from
physically coming into contact with each other. To ensure this,
bounds are placed on the tether lengths and libration angles such
that

Ay > 0.01, A, > 0.01 (46)

—179 <0, — 0, < —1ldeg 47

This ensures that no two tethers cross each other, as can be seen by
examining the system geometry. This constraint becomes active for
deployment and retrieval when the system spin rate is high. Without
this constraint, crossing of tethers occurs in the optimal solutions.
The boundary conditions for deployment have been selected as

[61 — 65,01, 65, Ay, Ay, A}, MYl
—[~120deg, 6. 6,,0.1,0.1,0, 0]
(61 — 62,6,65, A1, Ay, AY, Adle—ey

=[—120deg, 6, 6,,1,1,0,0] (48)

where 0 is the desired system spin rate. Hence, the deployment
requires that there be no net change in the tether spin rate.

An issue that arises when applying the boundary conditions de-
fined by Eq. (48) is whether the system final conditions are main-
tained because of possible nonzero accelerations after the comple-
tion of the maneuver. This is generally not an issue when the con-
troller is switched to the station-keeping controller defined by simply
setting the commanded tether lengths to A= 1, j=1,2,3, after
the maneuver is completed. This causes a small jump in the con-
trol tensions and has a negligible effect on the system motion. One
possible alternative is to employ the additional boundary conditions

6], 65, A, Ajl.—., =10,0,0,0] (49)

as well as switching to the station-keeping controller. However, the
numerical results with these boundary conditions show negligible
differences in the complete maneuver compared to the strategy dis-
cussed previously. Compressive or bending forces are not required
from the tethers because of the centrifugal stiffening caused by the
high system rotation rate. Therefore, in the results, the constraints
due to Eq. (49) are not used and only the optimal maneuver dynamics
are shown.

One- and two-orbit deployment trajectories have been determined
for desired spin rates of two, five, and eight revolutions per orbit. Nu-
merical results for two revolutions per orbit deployment are shown
in Figs. 6-8. Figure 6 shows projections of the tether configuration
during one-orbit deployment, Fig. 7 shows projections for the two-
orbit deployment, and Fig. 8 shows the corresponding state and con-
trol trajectories. Figure 6 illustrates the variation in system geometry
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Fig. 6 Projections of tether configuration during one-orbit deploy-
ment for two revolutions per orbit spin rate: a) first quarter orbit, b)
second quarter orbit, ¢) third quarter orbit, and d) final quarter orbit.
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Fig. 7 Projections of tether configuration during two-orbit deploy-
ment for two revolutions per orbit spin rate: a) first half orbit, b) second
half orbit, c) first half of second orbit, and d) second half of second orbit.

during the deployment. This plot highlights the general nature of the
optimal deployment of such a tether formation. Initially, the system
is spinning at the desired rate, but the initial deployment of tether
causes the spin rate to decrease. The main proportion of the deploy-
ment occurs with the system in an isosceles-triangular configuration
at a nearly constant angle to the local vertical. Hence, the system
emulates closely the traditional two-body configuration during de-
ployment. Here, one tether remains relatively short compared with
the other two tethers. This effectively allows the system to make use
of gravity-gradient effects during deployment. The two longer teth-
ers generally tend to be deployed beyond the desired length. The
system then reels the tethers back to the correct length while the
third tether is reeled out, timed so that the final spin rate is achieved.
Figure 7 shows the projections of the system for two-orbit deploy-
ment. This plot illustrates that the two-orbit deployment trajectories
are similar to the one-orbit deployment trajectories in the sense that
the majority of the deployment takes place with the system close to
zero libration rate. The major difference in the two-orbit case is that
the system keeps the tether lengths short for nearly a quarter of the
total deployment time. The corresponding state and control trajec-
tories for both one- and two-orbit deployment are shown in Fig. 8.
Figure 8 demonstrates that there is generally less reeling required to
achieve the desired deployment configuration for two-orbit deploy-
ment than for one-orbit deployment. For the one-orbit deployment
case, both tethers 1 and 2 are deployed in excess of the desired length
by about 10%, whereas the third tether is deployed an extra 58%. The
nondimensional length rates are in the ranges A} € [-0.16, 0.57],
A, €[—-0.09,0.46], and A} € [—0.5, 0.64]. These reeling require-
ments are much less severe than was observed for the minimum-time
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Fig. 8 Deployment trajectories for two revolutions per orbit spin rate
(black, one orbit; gray, two orbit): a) length, b) length rate, c) tension,
and d) libration rate.

maneuvers. For a 10-km tether, the maximum reel-rate requirement
is on the order of 7 m/s. As one might expect, allowing two orbits
to complete the deployment tends to decrease the length-rate re-
quirements. Tether 1 is deployed an extra 49% beyond the desired
length, tether 2 38%, and tether 3 14%. The nondimensional length
rates for two-orbit deployment lie in the ranges A} € [-0.20, 0.41],
A} €[—0.22,0.46],and A} € [—0.08, 0.30], the maximum of which
is about 5 m/s in dimensional units for a 10-km tether. The libration
rates appear to vary in a parabolic-like fashion, approaching minima
of zero approximately midway through the total deployment time.
The minima correspond to the peaks in the tether deployment rate.
It can also be seen that the libration rates are different for the one-
orbit deployment, indicating distortion of the system geometry, but
are more comparable during the two-orbit deployment. The control
tensions, shown in Fig. 8c, vary in a very smooth manner but are
clipped at the lower limit several times during the deployment.
Numerical results for deployment for a spin rate of five revo-
lutions per orbit are shown in Figs. 9-11. Figure 9 shows projec-
tions of the system for one-orbit deployment. The nature of the
deployment is very similar for this spin rate as for the previous case.
That is, the deployment tends to take place with the system in an
elongated triangular shape at a nearly constant angle to the local
vertical. The higher spin rate means that it is necessary to deploy
the tethers to approximately twice the desired length and then to
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Fig. 9 Projections of tether configuration during one-orbit deploy-
ment for five revolutions per orbit spin rate: a) first quarter orbit,
b) second quarter orbit, ¢) third quarter orbit, and d) final quarter
orbit.
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Fig. 10 Projections of tether configuration during two-orbit deploy-
ment for five revolutions per orbit spin rate: a) First half orbit, b) second
half orbit, ¢) first half of second orbit, and d) second half of second orbit.

retrieve them rapidly. This can be seen clearly in Figs. 9c and 9d.
Figure 10 shows projections of the system for the same spin-rate
deployment but for two orbits. Figure 10b shows that the system is
not as elongated as in the previous cases. Figure 10d shows that the
spin rate is increased gradually by pulling in the tethers over several
rotations of the system, as opposed to the rapid retrieval necessary
for one-orbit deployment (Fig. 9d). For one-orbit deployment, teth-
ers 2 and 3 are deployed in an almost identical fashion, as can be
seen by examining the length and length rate variations (Figs. 11a
and 11b). The control tensions, however, are not the same because
of the influence of the gravity gradient, as well as the control tension
from the first tether. The results show that tether 1 is first reeled in,
where it is held for nearly three quarters of the orbit, after which
it is reeled out to the desired length with minimal excess of de-
ployed tether. Tethers 2 and 3, on the other hand, are deployed to
about 2.07 and 2.10 times the desired length, respectively, before
being reeled in. The nondimensional length rates for one-orbit de-
ployment are in the ranges A} € [—0.10, 0.65], A} € [-0.91, 1.22],
and A} €[—0.95, 1.24], the maximum of which is about 13.7 m/s
for a 10-km tether. The deployment trajectories for two-orbit de-
ployment are quite different to the one-orbit case. Tether 1 is de-
ployed to 2.09 times the desired length, whereas tethers 2 and 3
are deployed 87% and 36% in excess of the desired length, respec-
tively. All of the tethers are reeled in at the end of the maneuver.
Doubling the total maneuver time again reduces the required peak
length rates. The nondimensional length rates for two-orbit deploy-
ment are in the ranges A} € [—0.45, 0.67], A}, € [—0.38, 0.61], and
A% €[—0.13,0.31], the maximum of which is about 7.4 m/s for a
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Fig. 11 Deployment trajectories for five revolutions per orbit spin rate
(black, one orbit; gray, two orbit): a) length, b) length rate, c) tension,
and d) libration rate.

10-km tether. Hence, a nearly 50% reduction in the peak length rate
is achieved. The libration rates show trends similar to those of the
previous cases; that is, it tends to decrease to almost zero during
the main portion of the deployment and is increased when the tether
is retrieved from the overdeployed position. The libration rates are
nearly equal for the two-orbit deployment case, which accounts for
the nearly uniform geometry of the system shown in Fig. 10. The
control tensions are shown in Fig. 11c. The cyclic variation of the
control tensions toward the end of the maneuver for the two-orbit
deployment case is mostly caused by the natural variation of the ten-
sion resulting from the rotation as well as gravity-gradient effects.

Deployment trajectories for a spin rate of eight revolutions per
orbit are shown in Fig. 12. The general behavior of the deployment
trajectories are quite similar to the previous results, except that the
amount of extra deployed tether is much greater, leading to higher
peak length rates. For example, for one orbit, the excess deployment
lengths are 8, 129, and 179% for tethers 1, 2, and 3, respectively,
whereas for two orbits, the excess deployment lengths are 143, 0, and
155%. The peak length rates are about 18 and 11 m/s for one- and
two-orbit deployments, respectively, for a 10-km tether. Thus, as the
system spin rate increases, the peak length rate requirements also
increase, but longer deployment times decrease the peak length rate
with respect to shorter deployment times.

Itis clear from these results that it is possible to deploy a tether for-
mation into a configuration with relatively high rotation rate without



648 WILLIAMS

w

N

-

Nondimensional Length

o

Orbital Revolutions

&0
=

& Nondimensional Length Rate

Nondimensional Tension

Orbital Revolutions

o
~

)

e 8 - ;

S

5 O |
a4l ; i
T

5 2f 9.‘
@ -

G Of e T
2 e (. o,
22 : ' )

s ™0 05 1 15 2
d

Orbital Revolutions

-

Fig. 12 Deployment trajectories for eight revolutions per orbit spin
rate (black, one orbit; gray, two orbit): a) length, b) length rate,
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the use of tangential thrusters. It is also clear, however, that the
technique for doing this is not intuitive and requires some relatively
sophisticated control achieved via tether reeling.

Retrieval Trajectories

The boundary conditions for the retrieval trajectories were set
to be the reverse of deployment. The same set of spin cases were
solved as for deployment. However, for the sake of brevity, only the
results from a retrieval of two revolutions per orbit are presented
because of the symmetrical nature of the deployment/retrieval re-
sults. Figure 13 shows projections of the system for a retrieval of
two revolutions per orbit for one orbit. A comparison of this with
Fig. 6 shows the symmetry of the deployment and retrieval ma-
neuvers. Note that Fig. 13d is the reverse of Fig. 6a, Fig. 13c is
the reverse of Fig. 6b, and so on. The same pattern(s) can be seen
for the two-orbit retrieval shown in Fig. 14 when compared with
Fig. 7. Figure 15 shows the system state and control trajectories
for retrieval. Note that a comparison of these with Fig. 8 shows the
symmetry of the results, except that some of the tethers (number-
ing) are interchanged because the configuration is symmetric with
respect to mass and geometry. Similar symmetries have been proven
in the deployment/retrieval trajectories for two-body tethered sys-
tems with symmetrical boundary conditions.*® The symmetry of the
results for a tethered formation is a good validation of the numer-
ical solutions. Hence, the optimal retrieval trajectories require the
tethers to be reeled out initially and then reeled in. Simply reeling
the tethers in would result in a net increase in spin rate and explains
why the optimal deployment trajectories must reel the tethers out
beyond the desired length for the scenarios considered here.

Conclusions

Optimal control of a spinning triangular tethered formation has
been studied. A control model, treating the formation as three-point
masses connected via inelastic tethers, was used to study the nature
of the system trajectories. The only control inputs to the system
are the tether tensions. A robust form of the tether tension control
(specified in terms of commanded length variations) was derived,
enabling efficient simulations of the system for variable-length or
fixed-length tethers. Optimal trajectories for different maneuvers
were obtained using direct transcription methods. Three maneuvers
were considered: 1) minimum-time reorientation, 2) deployment,
and 3) retrieval. Minimum-time reorientation maneuvers are bang—
bang in the control input and demonstrate that simple spin-up and
despin maneuvers can be performed in less than a quarter of an
orbit with no thrust inputs. Control actuation is provided by the
coupling of the tether-length variation and the orbital motion of the
system. Optimal deployment/retrieval trajectories were obtained for
different spin rates for both one- and two-orbit maneuver times so as
to minimize a combination of the librational acceleration and length
accelerations of the tethers. The optimal trajectories demonstrate
a symmetry for deployment and retrieval. The results also show
that deployment/retrieval is optimally performed by slowing the
system spin rate and deploying/retrieving the tethers in a gravity-
gradient-type manner with the system at a nearly constant angle
to the local vertical. The tethers are typically overdeployed and
then retrieved so as to take advantage of Coriolis accelerations to
ensure that the system meets the spin-rate requirements. Overall, the
results illustrate the possibilities of controlling a spinning tethered
formation without consuming fuel.
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